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Abstract
In this paper we consider a notion of universal sets for ideals.
We show that there exist universal sets of minimal Borel complexity
for classic ideals like null subsets of 2ω and meager subsets of any
Polish space, and demonstrate that the existence of such sets is helpful
in establishing some facts about the real line in generic extensions.
We also construct universal sets for E - the σ-ideal generated by
closed null subsets of 2ω, and for some ideals connected with forcing
notions: Kσ subsets of ω
ω and the Laver ideal. We also consider Fubini
products of ideals and show that there are Σ03 universal sets forN⊗M
and M⊗N .
1 Introduction and preliminaries
We use the standard set-theoretic notation based on [7]. Let X be a Polish
space. Throughout the paper B will denote the family of Borel subsets of
X,M the σ-ideal of sets of the first category, N the σ-ideal of null subsets
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of X, E the σ-ideal of sets generated by closed sets of measure zero, and
Kσ a σ-ideal generated by compact subsets of X. We may sometimes write
B(X), M(X), etc. if we work in many different spaces and the context is
not clear. Also, we consider the above mentioned ideals in spaces where it
is reasonable to do so, i.e. in the cases of N and E we work in R or 2ω and
in the case of Kσ we work in ωω as it is a natural example of a Polish space
which is not σ-compact.
Now let us state a definition of universal sets (following [16]).
Definition 1.1. Let F be a family of subsets of X. We say that U ⊆ ωω×X
is a universal set for the family F if (∀F )((F ∈ F)⇔ (∃x ∈ ωω)(Ux = F )).
In a similar fashion we define universal sets for (σ-)ideals. Let I be a
nontrivial (X /∈ I and I contains all singletons) ideal or σ-ideal. Let us
recall that a base of I is a family F ⊆ I which is cofinal in I, i.e. for each
A ∈ I there is A′ ∈ F such that A ⊆ A′.
Definition 1.2. We call a set U ⊆ ωω ×X universal for I if it is universal
for a base of I, i.e. a family of vertical sections {Ux : x ∈ ωω} is a base of
I and Ux ∈ I for all x ∈ ωω.
A reason for a switch to a base of ideal, instead the whole ideal, is that
usually there are too many sets in the ideal. That is also why we will consider
mainly ideals that posses a Borel base, that is, a base consisting of Borel
sets. The existence of such a base guarantees that an ideal has a cofinality
not greater than c and so the existence of a universal set for the ideal is
possible (although it may be a wild subset of ωω ×X). A good example of
an ideal for which there is no universal set is the Marczewski ideal s0 (let
us recall that A ∈ s0, if for every perfect set P there is a perfect set Q ⊆ P
for which Q∩A = ∅), since its cofinality is greater than c (see [8], also [4]).
Universal sets were introduced in the beginning of XXth century with
the dawn of descriptive set theory and have been studied by Lebesgue, Luzin
and Souslin among others. Classic results regarding universal sets include:
for each α < ω1 there is a Σ0α universal set for the family of Σ
0
α sets, there
exists a Σ11 universal set for B, and also a Σ
1
1 universal set for the family
of analytic sets. Recently universal sets were studied by A. W. Miller in
[12], where the author considers so called uniquely universal sets. A set U is
uniquely universal if it is open subset of X × Y and for each open W ⊆ Y
there is exactly one x ∈ X with Ux = W . Two problems posed in that
paper were solved by A. Krzeszowiec in [10]. The notion of universal sets
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with respect to ideals appeared e.g. in [13], where the authors constructed
Gδ and Fσ universal sets for the σ-ideals of null and meager subsets of the
Cantor space respectively.
We are interested in finding universal sets of a possibly low complexity,
by which we mean occurring early in the Borel or projective hierarchy.
The existence of universal sets of a low complexity may be also useful in
establishing some facts about the real line in generic extensions, but first
let us give some context.
Definition 1.3. Let I be a definable ideal of subsets of a Polish space and
let M ⊆ N both be a transitive models of ZFC. We say that I is absolute if
for every Borel code b ∈M we haveM |= #b ∈ I if and only if N |= #b ∈ I.
Definition 1.4. Let I and J be σ-ideals of subsets of spaces X and Y
respectively. We define the Fubini product of these ideals in the following
way
A ∈ I ⊗ J ⇔ (∃B ∈ B(X × Y ))(A ⊆ B ∧ {x : Bx /∈ J } ∈ I).
We say that a pair (I,J ) has the Fubini property if for every Borel set
B ⊆ X × Y we have
{x : Bx /∈ J } ∈ I ⇒ {y : By /∈ I} ∈ J .
If (I, I) has the Fubini property then we simply say that I has it. Thanks
to the notion of universal sets we may give a relatively simple proof of the
following theorem (see [11], Theorem 3.20; also [14], Lemma 3.1).
Theorem 1.5. Let I be an absolute σ-ideal satisfying the Fubini property,
for which there exists a universal set U ∈ B(ωω ×R). Let M be a transitive
and countable model of ZFC. Then in the Borel/I forcing extension M [G]
we have R ∩M /∈ I.
Proof. Let us assume that in a generic extension M [r], where r is a generic
real, we have R ∩ M ∈ I, and let U be a universal set for I. For any
x ∈ R∩M [r] there exists a Borel measurable f ∈M such that f(x) = r, so
R ∩M ⊆ U r,
where U = {(x, y) ∈ R2 : (f(x), y) ∈ U}. By the Fubini property for I we
have that in the model M there exists y ∈ R ∩M such that U
y
∈ I. Then,
by the absoluteness of I, we have that U
y
∈ I inM [r] and so r ∈ U
y
, which
contradicts the genericity of r.
4 A. Cieślak and M. Michalski
Let us note that in [15] the authors found classes of ideals that have the
Fubini Property beyond M and N .
Let us recall that an ideal I ⊆ P (Y ) is called Borel-on-Σ11, if for every Borel
set B ⊆ X×Y the set {x : Bx ∈ I} is Σ11. Similarly we define being A-on-B
for any classes A,B.
Lemma 1.6. Let I be a Borel-on-Σ11 ideal possessing a Borel base of bounded
Borel complexity. Then there exists a universal set for I of the same com-
plexity as the base of I.
Proof. Without loss of generality let us assume that the Borel base of I has
a complexity Σ0α. Let U be a universal Σ
0
α set and A = {x ∈ ω
ω : Ux ∈ I}.
Since A is analytic, there is a continuous and surjective function f : ωω → A.
Then the set
V = (f, id)−1[U ], where for all (x, y) (f, id)(x, y) = (f(x), y)
is a universal set for I of complexity Σ0α.
Let us observe that the existence of a universal set of bounded Borel
complexity does not imply that the ideal is Borel-on-Σ11: e.g. I = {∅} is
Borel-on-Π11 and Π
1
1 cannot be substituted with Σ
1
1 in this case.
The following lemma, which can be found in [2] (Theorem 2.2.4), will be
useful in the next section.
Lemma 1.7. Let P be a family of partitions of ω into intervals of the form
In = [an, bn). A family {Fx,P ⊆ 2ω : x ∈ 2ω, P ∈ P}, where Fx,P = {y ∈ 2ω :
(∀∞n ∈ ω)(x|In 6= y|In)}, is a Borel base of M(2
ω).
If x ∈ 2ω and P is a partition of ω into intervals as in the lemma above,
then
Fx,P =
⋃
n∈ω
⋂
k>n
⋃
m∈Ik
{y ∈ 2ω : x(m) 6= y(m)},
so the complexity of the Borel base mentioned in the Lemma 1.7 is Fσ.
The main result of this paper includes also a construction of a universal set
for the Laver ideal. Let us recall its definition.
Definition 1.8. We say that A ⊆ ωω is strongly dominating if for every
Φ : ω<ω → ω there exists f ∈ A such that ∀∞n f(n) ≥ Φ(f |n).
The Laver ideal is the family of sets which are not strongly dominating
(see [17]).
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2 Acquiring universal sets
In this section we will construct universal sets for the ideals mentioned
above.
Theorem 2.1. There exist:
(i) a universal Fσ set for countable subsets of ω
ω;
(ii) a universal Fσ set for meager subsets of a Polish space X;
(iii) a universal Gδ set for null subsets of 2
ω (equipped with the Haar mea-
sure);
(iv) a universal Fσ set for E ⊆ P (2ω);
(v) a universal Fσ set for Kσ ⊆ P (ωω);
(vi) a universal Gδ set for Laver ideal.
Proof. Before we proceed with the constructions let us note that both σ-
ideals of measure and category are Borel-on-Borel (see [9], Definition 18.5
and remarks), so by Lemma 1.6 both have universal sets of the same Borel
complexity as their bases, which happens to be Gδ and Fσ respectively.
We will also give combinatorial proofs of these facts. The idea behind the
construction in (iii) is based on [13], we include the detailed proof for the
sake of completeness and for the convenience of the reader. We also realize
that (i) is a quite simple exercise, but we give the proof as a warm-up.
(i) Countable subsets of ωω: Let b be a bijection between ω×ω and ω and
set a homeomorphism h : ωω → ωω
ω
given by the formula (h(x)(m))(n) =
x(b(m,n)) for all x ∈ ωω. Then define C ⊆ ωω × ωω by
(x, y) ∈ C ⇔ (∃n ∈ ω)(h(y)(n) = x).
Since
C =
⋃
n∈ω
{(x, y) : h(y)(n) = x} =
=
⋃
n∈ω
⋂
m,k∈ω
{x : x(m) = k} × {y : y(b(n,m)) = k},
we see that C is Fσ. Now, if ωω ⊇ A = {xn : n ∈ ω}, then let us take y ∈ ωω
such that h(y)(n) = xn for all n ∈ ω and check that:
A = Cy,
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which means that C is the desired set.
(ii) Meager subsets of a Polish space X: Let X be uncountable and let
{Un : n ∈ ω} be an enumeration of basic open sets with U0 = ∅. We begin
by constructing a universal open set U ⊆ ωω ×X for open dense subsets of
X. Let us define a function K : ω × ω → ω as follows:
K(0, m) = 0,
K(n, 0) = min{k : Uk ⊆ Un},
K(n,m+ 1) = min{k : Uk ⊆ Un ∧ k > K(n,m)}.
K(n,m) is a number of the (m+ 1)th basic open set contained in Un with
respect to our enumeration. Let us set
(x, y) ∈ U ⇔ y ∈
⋃
n∈ω
UK(n,x(n)).
Since
U =
⋃
n,k∈ω
{(x, y) : y ∈ UK(n,k), x(n) = k} =
=
⋃
n,k∈ω
{x ∈ ωω : x(n) = k} × UK(n,k),
we see that U is open. Now let W =
⋃
k∈ω Unk ⊆ X be some open dense
set. Let x ∈ ωω be such that (∀k ∈ ω) (K(nk, x(nk)) = nk) and x(m) = 0
for m 6= nk, k ∈ ω. Then W = Ux.
Now let h : ωω → ωω
ω
be a homeomorphism. Define a set G by
(x, y) ∈ G⇔ x ∈
⋂
n∈ω
Uh(x)(n).
Clearly, G is a Gδ set. To check, that it is indeed universal, letH =
⋂
n∈ωHn,
where eachHn is open and dense. Let x ∈ ωω
ω
be such that (∀n ∈ ω)(Ux(n) =
Hn). Then H = Gh−1(x) and eventually Gc is the desired set.
If we restrict our case to X = 2ω then using a parametrization of basic
meager sets from Lemma 1.7 we may set
2ω × ωω × 2ω ⊇ V = {(x, y, z) : x ∈ 2ω, y ∈ ωω, z ∈ Fx,y˜},
where y˜ is a partition of ω such that I0 = [0, y(0)+1) and In = [an−1, an−1+
y(n)+1) for n > 0, where ak is the right endpoint of Ik. Let f : ωω → 2ω×ωω
be a continuous surjection. Then
U = (f, id)−1[V ]
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is an Fσ universal set for M(2ω).
(iii) Null subsets of 2ω: Let λ be the Haar measure on 2ω and for n ∈ ω
fix an enumeration {Cnk : k ∈ ω} of all clopen subsets of 2
ω of measure
< 2−n, with additional requirement that Cn0 = ∅.
Let h : ωω → ωω×ω be a homeomorphism. For each f ∈ ωω the set
Gf =
⋂
n
⋃
k>n
Cnh(f)(n,k)
is a Gδ null set and
G = {(f, y) ∈ ωω × 2ω : y ∈ Gf}
is a Gδ null subset of the plane. We will show that G is universal for null
sets.
Let X be a null set. For each n ∈ ω there is a sequence of sets {V nk : k ∈ ω}
from the canonical base such that X ⊆
⋃
k V
n
k , and Σkλ(V
n
k ) < 2
−n−1.
Let us enumerate {V nk : n, k ∈ ω} into a sequence {Wm : m ∈ ω} and set
Wm =
am+1−1⋃
n=am
Wn,
where a0 = 0 and for m > 0
am = min{k > am−1 : Σn>kλ(Wn) < 2
−m}+ 1.
Then {W n : n ∈ ω} is a sequence of clopen sets and
λ(
⋃
k>n
W k) ≤ Σk≥an+1λ(Wk) < 2
−n−1.
Furthermore, if we fix m ∈ ω and let
N = max{n ∈ ω : (∃k ∈ ω, l ≤ m)(V nk =Wl)},
then ⋃
k∈ω
V N+1k ⊆
⋃
k>m
W k,
therefore X ⊆
⋃
k>mW k for each m ∈ ω and X ⊆
⋂
n∈ω
⋃
k>nW k. See also
that
⋃
k>nW k =
⋃
k≥an+1
Wk. Let us fix n ∈ ω. Since for each k ≥ an+1 we
have λ(Wk) < 2−n, it follows that Wk ∈ {Cnl : l ∈ ω}. Let g : ω×ω → ω be
such that Wk = Cng(n,k) for k ≥ an+1 and g(n, k) = 0 for k < an+1. Then
X ⊆
⋂
n∈ω
⋃
k>n
Cng(n,k),
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so finally let us set f = h−1(g). X ⊆ Gf , thus the proof is completed.
(iv) E ⊆ P (2ω): We will begin by constructing a universal set for open sets
of full measure. For each n > 0 let {xnk : 0 ≤ k < 2
n} be an enumeration
of {0, 1}n such that a sequence (xn0 , x
n
1 , ..., x
n
2n−1) is in the lexicographical
order. Let us enumerate basic clopen sets of 2ω in the following way:
B0 = 2
ω,
Bn,k = {x ∈ 2
ω : x|n = xnk},
n ∈ ω, 0 ≤ k < 2n. Let us fix an open set V of full measure. Then
lim
n→∞
|{Bn,k ⊆ V : 0 ≤ k < 2n − 1}|
2n
= 1.
Let us denote |{Bn,k ⊆ V : 0 ≤ k < 2n − 1}| by bn. It follows that
(∀m ∈ ω) (∃n > m) (
bn
2n
≥ 1− 2−m),
otherwise V would not be of full measure. The condition bn
2n
≥ 1−2−m means,
that V contains at least 2n−2n−m clopen sets from {Bn,0, Bn,1, ..., Bn,2n−1}.
Let {Am,nk : 0 ≤ k <
(
2n
2n−2n−m
)
} be an enumeration of subsets of {0, ..., 2n−
1} of size of 2n − 2n−m. Let
Bmn,l =
⋃
{Bn,k : k ∈ A
m,n
l }.
Let us define U ⊆ (ωω)3 × 2ω by
(x, y) ∈ U ⇔ y ∈
⋃
n∈ω
B
x0(n)+n
x1(n),x2(n)mod( 2
x1(n)
2x1(n)−2x1(n)−x0(n)−n)
.
Then U is a universal set for open sets of full measure. Finally, let
(x, y) ∈ G⇔ y ∈
⋂
n∈ω
Uh(x)(n).
Clearly, G is the desired set.
(v) Kσ ⊆ P (ω
ω): Here we notice that a relation ≤∗⊆ (ωω)2 clearly is a
universal set which by ≤∗=
⋃
n
⋂
m>n{(x, y) : x(m) ≤ y(m)} is an Fσ set.
(vi) Laver ideal: For Φ : ω<ω → ω we see that the set
DΦ = {f ∈ ω
ω : ∃∞n f(n) < Φ(f |n)} =
⋂
n
⋃
m>n
{f ∈ ωω : f(m) < Φ(f |m)}
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is clearly a Gδ set and such sets form a base for Laver ideal. Let us consider
a set
D = {(Φ, y) ∈ (ω<ω)ω × ωω : ∃∞n f(n) < Φ(f |n)}.
Now if we fix a bijection b : ω → ω<ω and let b˜ : ωω → (ω<ω)ω be defined
as b˜(x) = b ◦ x for x ∈ ωω then
G = {(x, y) ∈ ωω × ωω : ∃∞n f(n) < (b ◦ x)(f |n)} = (b˜, id)
−1[D]
is the desired set.
One could observe that if we take a universal set U for null subsets of
2ω, a universal Fσ set V , and a homeomorphism h : ωω → ωω × ωω, then
ωω × 2ω ⊇W = {(x, y) : y ∈ Uh(x)(0) ∩ Vh(x)(1)}
is a universal set for E , but the complexity of W may be not optimal.
Also note that a universal set for Kσ subsets of ωω cannot be Kσ itself. Let U
be such a set and let h : (ωω)2 → ωω be a homeomorphism. Then there exists
f ∈ ωω with h[U ] ≤∗ f ; this is equivalent to U ≤∗∗ h−1[f ] = (f1, f2) where
≤∗∗ is coordinatewise product of ≤∗. Then the set {g ∈ ωω : g ≤∗ f2+1} is
different from any vertical section of U .
3 Additional results and open questions
The ideals considered in the previous section have a property that eases
the task of finding nice universal sets: they all have Borel bases of bounded
complexity. In the light of this fact it is natural to pose a problem:
Problem 1. Let I be an ideal possessing Borel base of unbounded complex-
ity. Does there exist a Σ11 or Π
1
1 universal set for I?
In [5] the authors showed that the Mokobodzki ideal {∅} ⊗ N has a
Borel base of unbounded Borel complexity. Ideals with such a property
were studied further in [3], where authors gave some sufficient conditions
for the Fubini product of ideals and its generalizations to have a complex
base. In this specific case we may ask the following question.
Problem 2. When does there exist a universal set for I ⊗J , provided that
there are universal sets for I and J ?
As the last result of this paper we will show that there exist universal
sets for some Fubini products of ideals, besides obvious examples like N⊗N
and M⊗M.
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Lemma 3.1. If ideals I and J are Borel-on-Borel then I ⊗ J is also
Borel-on-Borel.
Proof. Let X, Y, Z be Polish for which I ⊆ P (Y ) and J ⊆ P (Z) and let
B ⊆ X × Y × Z be Borel. Let B˜ = {x ∈ X : Bx ∈ I ⊗ J }. If x ∈ B˜ then
Bx ∈ I ⊗ J ≡ {y ∈ Y : (Bx)y /∈ J } ∈ I.
On the other hand let us consider a set B̂ = {(x, y) ∈ X × Y : B(x,y) /∈ J }.
Since J is Borel-on-Borel, B̂ is Borel. If x ∈ X is such that B̂x ∈ I, then
{(x, y) ∈ X × Y : B(x,y) /∈ J }x ∈ I ≡ {y ∈ Y : B(x,y) /∈ J } ∈ I,
which means that B˜ = {x ∈ X : B̂x ∈ I}. The set {x ∈ X : B̂x ∈ I} is
Borel, hence we are done.
In [1] the authors pointed out, referring to Fremlin [6], that for each set
B from N ⊗M there exist a Gδ null set G ⊆ X and an Fσ meager set
F ⊆ X2 such that B ⊆ (G × X) ∪ F . Symmetrically, for each set B from
M⊗N there is an Fσ meager set F ⊆ X and a Gδ null set G ⊆ X2 such
that B ⊆ (F ×X)∪G. Combining these facts with Lemmas 1.6 and 3.1 we
obtain the following result.
Corollary 3.2. There are Σ03 universal sets for M⊗N and N ⊗M.
Acknowledgements
This research was partially supported by the grant S50129/K1102 (0401/0086/16),
Faculty of Fundamental Problems of Technology, Wrocław University o Sci-
ence and Technology.
References
[1] M. Balcerzak, Sz. Głąb, Measure-category properties of Borel plane
sets and Borel functions of two variables, Acta Math. Hungar., vol.
126, no. 3 (2010), 241-252.
[2] T. Bartoszyński, H. Judah, Set Theory: On the structure of the real
line, A K Peters, 1995.
[3] P. Borodulin-Nadzieja, Sz. Głąb, Ideals with bases of unbounded Borel
complexity, Mathematical Logic Quarterly, vol. 57, no. 6 (2011), 582-
590.
Universal sets for ideals 11
[4] J. Brendle, Y. Khomskii, W. Wohofsky, Cofinalities of Marczewski-like
ideals, Colloquium Mathematicum, vol. 150 (2017), 269-279.
[5] J. Cichoń, J. Pawlikowski, On ideals of subsets of the plane and on
Cohen reals, The Journal of Symbolic Logic, vol. 51, no. 3 (1986),
561-569.
[6] D. H. Fremlin, The partially ordered sets of measure theory and
Tukey’s ordering, Note Mat., vol. 11 (1991), 177-214.
[7] T. Jech, Set theory, millenium edition, Springer Monographs in Math-
ematics, Springer-Verlag, 2003.
[8] H. Judah, A. Miller, S. Shelah, Sacks forcing, Laver forcing, and Mar-
tin’s axiom, Arch. Math. Logic, vol. 31 (1992), 145-161.
[9] A. S. Kechris, Classical descriptive set theory, Graduate Texts in
Mathematics 156, Springer-Verlag New York, Inc., 1995.
[10] A. Krzeszowiec, Uniquely universal sets in R×ω and [0, 1]×ω, Topol-
ogy and its Applications, vol. 182 (2015), 132-134.
[11] K. Kunen, Random and Cohen reals, Handbook of set-theoretic topol-
ogy, Elsevier Science Publishers B.V., 1984.
[12] A. W. Miller, Uniquely Universal sets, Topology and its Applications,
vol. 159 (2012), 3033-3041.
[13] J. Pawlikowski, I. Recław, Parametrized Cichoń’s diagram and small
sets, Fundamenta Mathematicae, vol. 147 (1995), 135-155.
[14] R. Rałowski, Sz. Żeberski, Generalized Luzin sets, Houston Journal
of Mathematics, vol. 39, no. 3 (2013), 983-993.
[15] I. Recław, P. Zakrzewski, Fubini properties of ideals, Real Analysis
Exchange, vol. 25, no. 2 (1999), 565-578.
[16] S. M. Srivastava, A course on Borel sets, Graduate Texts in Mathe-
matics 180, Springer-Verlag New York, Inc., 1998.
[17] J. Zapletal, Descriptive set theory and definable forcing, Memoirs of
the American Mathematical Society, vol. 167, no. 793 (2004).
